Tverberg-type Theorems for Pseudoconfigurations of Points in the Plane  by Roudneff, Jean-Pierre
Europ. J. Combinatorics (1988) 9, 189-198 
Tverherg-type Theorems for Pseudoconfigurations of Points in the Plane 
JEAN-PIERRE ROUDNEFF 
We show that any two pseudoconfigurations of n points in general position in the plane are 
transformable into each other by a finite sequence of elementary transformations of two types, 
generalizing a theorem of Ringel. 
This result is used to prove Tverberg-type theorems for pseudoconfigurations and the Partition 
Conjecture is shown to be true for a new class of convexity spaces. 
1. INTRODUCTION 
The theory of oriented matroids, introduced a few years ago by Bland and Las Vergnas 
[3] and Folkman and Lawrence [6], has provided purely combinatorial proofs of many basic 
theorems in convexity theory. For instance, Radon's, Caratheodory's and Krein-Milman's 
theorems hold for oriented matroids of any rank [14] and Helly's theorem generalizes to 
oriented matroids of rank 3 ([9] in an equivalent form). 
Our purpose in the present paper is to extend to oriented matroids, in the rank 3 case, 
Tverberg's theorem [19, 20]: 
Any set of points V in !Rd, with I VI ~ m ( d + 1) - d, admits a partition v; , V2, ••• , Vm 
such that < v; ) r1 < v; ) r1 · · · r1 < Vm ) -1= 0, where < ~) denotes the convex hull of ~. 
Historically, Rado [16] proved this result for I VI ~ (m - 2)2d + d + 2 in 1952; the 
case d = 2 was obtained by Birch [2] in 1959, and Tverberg succeeded in proving the 
general theorem [19] in 1964, giving a shorter proof in 1981 [20]. 
The bound m(d + 1) - dis best possible and Tverberg's theorem contains as a special 
case (m = 2) Radon's theorem. We prove the following result: 
For any acyclic rank 3 oriented matroid M(V) on a set V with I VI ~ 3m - 2, there is 
a point-extension N(V up) of M(V) and a partition v;, v;, ... , Vm of V such that: 
P E <JI; )N r1 <Vz)N r1 ... r1 <Vm)N. 
Actually we prove this theorem in an equivalent form, using the representation of rank 
3 oriented matroids by pseudoconfigurations of points in the plane, due to Cordovil [4] and 
Goodman and Pollack [8, 9] (Theorem 4.1.): 
For any pseudoconfiguration d(V) of points in the plane, with I VI ~ 3m - 2, there is a 
partition v;' Ji2' 0 0 0 ' vm of v such that < v; ) (] < v;) (] 0 0 0 (] < vm) contains a vertex of 
J1J1 ( V). 
Our method is elementary and constructive. We only use simple topological properties 
of the plane (although the underlying ideas often come from oriented matroid theory). In 
contrast, Birch's argument is based on a fixed point theorem and on properties of measures, 
and Tverberg's proofs heavily use the metrical structure of !Rd. Our proof is carried out by 
means of a variational method. We show that the validity of Tverberg's theorem for 
pseudoconfigurations is preserved under elementary transformations of two types: the 
switching of a triangle and the crossing of a pseudoline by a point. Once the theorem has 
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been verified for one example, the result follows in general from a homotopy theorem 
(Theorem 3.1.): 
Any two pseudoconfigurations of n points in general position in the plane are transformable 
into each other by a finite sequence of elementary transformations. 
The homotopy theorem of Ringel for simple arrangements ofpseudolines [I8] is obtained 
as a corollary of this latter result. 
We also extend to rank 3 oriented matroids Reay's generalization [I7] of Tverberg's 
theorem (Theorem 5.1.): 
For any pseudoconfiguration d(V) of points in general position in the plane, with 
I VI ~ 3m - 2 + k, k = 0, I or 2, there is a partition v;, ~ •... , Vm of V such that ( v; ) n ( ~ ) n · · · n ( Vm ) contains a k-face of d ( V). 
We finally notice that our results yield a new class of convexity spaces for which the 
Partition Conjecture [5] holds. 
2. ARRANGEMENTS OF PSEUDOLINES AND PSEUDOCONFIGURATIONS OF POINTS 
A pseudoline is the image of a line under a self-homeomorphism of the real projective 
plane 1?. 
We say that a finite collection d of pseudolines form an arrangement if every two 
pseudolines of d have exactly one point in common at which they cross. This notion was 
introduced as a natural generalization of arrangements of lines and has been studied from 
both a geometrical and combinatorial point of view. See [II] for a survey on that topic. 
Any arrangement of pseudolines decomposes the projective plane into a 2-dimensional 
cell complex defining/aces, edges and vertices. Two arrangements are said to be isomorphic 
if their associated cell complexes are isomorphic. 
In every arrangement d we will distinguish a pseudoline Loo called the pseudoline at 
infinity. In particular, this convention allows us to represent din the 'affine plane' 1?\Loo. 
Let L e d\Loo and x, y e 1?\(L u L 00 ). The points x andy are said to lie on the same side 
of L if there is a path between x andy contained in 1?\(L u L00 ). In the contrary case we 
say that L separates x andy. Let x andy now denote two distinct points in L\Loo. Then, 
L\{x, y} possesses two connected components, and the "bounded" one is called the open 
interval ]x, y[ in analogy with the linear case. We define in a similar way the segment [x, y] 
and the ha/f-pseudoline [x, y). Finally, an arrangement dis called simple if no point of I? 
belongs to more than two pseudolines of d. 
In the same manner as arrangements ofpseudolines generalize arrangements oflines, the 
following definition gives a generalization of the notion of configurations of points in the 
plane. 
DEFINITION 2.1. [4, 8]. Let d ( V) be an arrangement of pseudo lines constructed as 
follows: 
(a) L 00 denotes a pseudoline of d(V). 
(b) V denotes a set of n ~ 3 points in 1?\Loo. 
(c) Each pseudoline L =F L 00 of d (V) contains at least two points of V. 
(d) Each pair of points of V belongs to a pseudo line of d ( V). The points of V are not all 
on the same pseudo line of d ( V). 
As the distinction between two isomorphic arrangements will be of no relevance for the 
notions we are concerned with, we define a pseudoconfiguration of n points in the plane as 
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the isomorphism class of any arrangement d (V) satisfying (a)-(d). [In practice however, 
we will always fix a representative d ( V) for every pseudoconfiguration.] 
We denote the pseudoline which contains the pair {x, y} of points of V by xy. 
We say that the points of V are in general position (with respect to the pseudoconfigura-
tion d(V)) if the following two conditions hold: 
(e) Each pseudoline L # L 00 of d (V) contains exactly two points of V. 
(f) If three pseudo lines L 1, L2 , L3 of d ( V) cross at some vertex x, then x E V (hence 
L 1 = xy1, L 2 = xy2 , L 3 = xy3 for some pairwise distinct points y 1 , y2 , y3 of V). 
REMARK 2.2. Conditions (e) and (f) can be replaced by the following condition: 
(g) The total number of vertices in d ( V) is exactly: 
n + tn(n - I) + tn(n - I)(n - 2)(n - 3), where n = I VI. 
Let d(V) be a pseudoconfiguration of n ~ 4 points in general position and let x E V. 
We denote by d(V\x) the pseudoconfiguration of n - I points in general position com-
posed of the pseudolines of d (V) that do not contain x. We say that d (V) is a point-
extension of d(V\x). 
The basic notions of convexity can easily be defined for pseudoconfigurations: 
DEFINITION 2.3. [9, 10] Given a pseudoconfiguration d (V), a subset W of Vand a point 
x of IP, we say that x belongs to the convex hull of W (with respect to d(V)) if any path 
from x to L 00 meets some segment [y, z], withy, z E W. We will use the notation ( W) for 
the convex hull of W (with respect to a given pseudoconfiguration). 
Every pseudoconfiguration defines in a natural way an acyclic oriented matroid of rank 
3 on V, and conversely every acyclic rank 3 oriented matroid can be represented by a 
pseudoconfiguration. Thus, every geometrical notion concerning pseudoconfigurations can 
be translated into a purely combinatorial notion for oriented matroids and vice versa. For 
oriented matroids and their relationship with pseudoconfigurations, we refer the reader to 
[1, 3, 4], [6-10] and [13-15]. 
3. A HOMOTOPY THEOREM FOR PSEUDOCONFIGURATIONS 
In 1956, Ringel [18] published a homotopy theorem for simple arrangements of pseudo-
lines. In this section, we prove an analogous result for pseudoconfigurations from which 
Ringel's theorem can easily be derived (Corollary 3.3.). 
THEOREM 3 .1. Any two pseudoconfigurations of n points in general position in the plane 
are transformable into each other by a finite sequence of elementary transformations: the 
switching of a triangle, the crossing of a pseudoline by a point. (At each step, a pseudocon-
figuration of n points in general position is obtained). 
We begin by describing the two aforementioned elementary transformations. 
Let d ( V) be a pseudoconfiguration of n points in general position and let T denote a 
triangular face of d(V) such that no vertex ofT belongs to V. By modifying d(V) as 
shown in Figure I, we clearly obtain another pseudoconfiguration d' (V) of n points in 
general position. The transformation d (V) -+ d' (V) is called the switching of the triangle 
T [II, 18]. 
The second elementary transformation that we consider is dual to the switching of a 
triangle, in the sense of Goodman and Pollack [8, 9]. We suppose again that the points of 
V are in general position. Let {x, y, z} ~ V. We denote by n:, By+, Hz+ the closed half-
planes defined by the pseudolines yz, zx, xy, which contain the points x, y, z, respectively. 
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FIGURE I. 
The complementary half-planes are denoted H;, HY-, Hz-. Let S be the closure in iP> of the 
set (H: n (By+ u Hz+)) u (Hx- n (Hy- u Hz-)). [S is the shading dotted in Figure 2(a).] 
Suppose that every vertex of .91 ( V) which is in S lies on yz, zx or xy. Then, we can modify 
d(V) in order to obtain another pseudoconfiguration d"(V) of n points in general 
position [see Figure 2(b)]. For straight lines, this operation corresponds to havingyz crossed 
by a point x which is 'very near' yz. In analogy with the linear case, the elementary 
transformation d(V)-+ d"(V) is called the crossing of the pseudoline yz by the point x. 
(More precisely, we have only defined the crossing of the segment [ y, z] by x. But there is 
no loss of generality since, for instance, x crosses [y, z) outside [y, z] if and only if z crosses 
[x, y].) 
Finally we notice that the two elementary transformations that we have defined are 
reversible transformations. 
PRooF OF THEOREM 3.1. We proceed by induction on n. For n = 3, we have nothing to 
prove, since there is only one pseudoconfiguration of 3 points in general position. For 
n = 4, the two pseudoconfigurations of 4 points in general position are transformed into 
each other by the crossing of a pseudoline. 
Let now .91 ( V) and .91 ( V') denote two pseudoconfigurations of n ;;::: 5 points in general 
position and let x E V, x' E V'. Using the induction hypothesis, d(V\x) can be trans-
formed into .91 ( V'\x') by a finite sequence of elementary transformations: 
d(V\x) = d(Vo)-+ d(v;)-+ ... -+ d(Jj,) = d(V'\x'). 
In order to deduce from this sequence a transformation of d(V) into d(V'), we first 
choose for all i, 0 ~ i ~ p, a point-extension d(V; u vJ of d(V;) which is compatible 
with the elementary transformation r;: d(V;)-+ d(V;+d· 
Case 1. r; is the switching of a triangle T. Let ab be a pseudo line of .91 ( V;) which 
contains an edge e ofT, and let c E V;\{a, b}. 
Suppose for instance that e s;;; [a, b] and T s;;; (a, b, c). Using the notation of [1, 13], 
we define d(V; u vJ to be the principal extension of d(V;) determined by [a, b, c-]. 
I I \ lj _Jt 
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FIGURE 3. 
This construction corresponds to choosing v; in general position near a, near the segment 
[a, b] in such a way that ab separates c and v; (see Figure 3). In the canonically defined 
pseudoconfiguration d ( V; u v; ), Tis still a triangle, hence T; is still an elementary trans-
formation. 
A similar construction is used when e ¢ [a, b] or when T ¢ (a, b, c). 
Case 2. T; is the crossing of a pseudoline ab by a point c of V;. 
Let dE V;\{a, b, c}. We define d(V; u v;) as the principal extension of d(V;) deter-
mined by [d, c, b], i.e. we choose v; in general position near d, near [d, c] and in (d, c, b) 
(see Figure 4). 
As easily verified, all the vertices of d (V; u v;) lying in the dotted region of Figure 4, lie 
on ab, be or ca, hence T; is still an elementary transformation in the point-extension. 
Having defined a point-extension d(V; u v;) at each step, we denote by d'(V; u v;) the 
pseudoconfiguration obtained by applying the elementary transformation T; to d ( V; u v; ). 
We!observe that d'(V;)( =d'(V; u v;\v;)) and d(V;+ 1) are isomorphic. To prove Theorem 
3.1., we only need to find a finite sequence of elementary transformations from d' (V; u v;) 
to d ( V; + 1 u v; + 1) for all i, 0 ~ i ~ p - 1. This is given by the following lemma: 
LEMMA 3.2. Let d ( V) be a pseudoconfiguration of n points in general position, and let 
d(V u v) and d'(V u v) denote two point-extensions of d(V), in general position too. 
FIGURE 4. 
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Then, d(V u v) and d'(V u v) are transformable into each other by afinite sequence of 
elementary transformations. 
PRooF OF THE LEMMA. By transitivity, it suffices to prove the lemma for a particular 
pseudoconfiguration d'(V u v), for instance the principal extension of d(V) determined 
by [a, b, c], where {a, b, c} ~ V. 
We first extend d(V u v) into an auxiliary arrangement d. Let W denote the set of 
vertices of d (V). We consider all the couples (x, y) with x E V u v, y E W\ V, such that 
x andy do not lie on the same pseudoline in d(V u v). Numbering these couples in an 
arbitrary way: (x1 , yt), (x2 , y2 ), ••• , (xp, yp), we define pseudolines x1 y1 , x 2 y2 , ••• , xPyP 
by induction. At thejth step, Levi's enlargement lemma [11, p. 47] enables us to construct 
a pseudoline containing xj and yj but no other vertex of the arrangement defined at the 
(j - 1) th step. We eventually obtain an arrangement .9i and we denote by !11 the restriction 
of .9i to the pseudolines that do not contain v. 
If we select a face F of !11 and a point z in F, then for every x, y, x E V, y E W, we know 
the side where z lies relatively to xy. Thus, there is a unique way to extend d (V) into a 
pseudoconfiguration d (V u z) which is compatible with !11. Moreover, if z is in the interior 
ofF, d(V u z) is a pseudoconfiguration of n + 1 points in general position, whose 
definition does not depend on the choice of z. 
In particular, let us take for Fthe face of !11 that contains v: then, d(V u z) is isomorphic 
to d(Vu v). 
On the other hand, let F' be the face of !11 which has a as one of its vertices, which is 
bounded by [a, b] and included in (a, b, c). Taking z' in the interior ofF', we obtain for 
d(V u z') the principal extension of d(V) determined by [a, b, c], hence d(V u z') and 
d'(V u v) are isomorphic. 
Let now z = z0 , z1 , ••• , Zq = z' be a path from z to z' in 1P\L00 , i.e. for eachj, zj is in 
the interior of some face Fj of !11, and any two consecutive faces Fj and Fj + 1 are distinct and 
have an edge ej in common, with ej ¢ L 00 • 
Let xj yj, xj E V, yj E W be the pseudo line of !11 that contains ej. 
If yj E W\ V, d ( V u zj + 1) is obtained from d ( V u zj) by changing the side where 
yj lies relatively to xj zj. Thus, the transformation d ( V u zj) -+ d ( V u zH 1) is the 
switching of a triangle 1j. (One vertex of 1j is yj and its opposite edge in 1j is supported 
by xjzj). 
Ifyj E V\v, d(V u zH 1) is obtained from d(Vu zj) by changing the side where zj lies 
relatively to xjyj. Thus, the transformation d(V u zJ-+ d(V u zH 1) is the crossing of 
the pseudoline xjyj by the point zj. 
Lemma 3.2. is then established and that completes the proof of Theorem 3.1. 
Let d (V) and d (V') be two pseudoconfigurations of n points in general position 
obtainable one from the other by a single elementary transformation. Let L by a pseudo line 
of d(V) and L' denote the corresponding pseudoline in d(V'). We observe that d(V)\L 
and d(V')\L' are either isomorphic or are obtainable one from the other by the same 
elementary transformation. This remark can be generalized by removing other pseudolines. 
In particular, if I VI = I V' I = 2m, we can remove all pseudo lines of d ( V) [resp. d ( V')) 
except those corresponding to a perfect matching of the points of V (resp. V'). In that case, 
the second elementary transformation becomes trivial, i.e. preserves the isomorphism class, 
and we obtain Ringel's theorem: 
COROLLARY 3.3. [11, 18] Any two simple arrangements ofm pseudolines in IP are trans-
formable into each other by a .finite sequence of elementary transformations each of which is 
the switching of a triangle. 
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REMARK 3.4. An alternative proof of Theorem 3.1. has been proposed by one of 
the referees. We sketch it here with his kind permission. It consists in proving the result 
for usual configurations of points, and then showing that every pseudoconfiguration 
can be transformed into a configuration of points by a finite sequence of elementary 
transformations. Using Lemma 3.2., the second part of the proof reduces to straighten 
the pseudolines which contain a particular element v of V. Lemma 3.2. is due to the 
same referee. 
4. TVERBERG'S THEOREM FOR PSEUDOCONFIGURATIONS 
The aim of this section is to extend Tverberg's theorem to pseudoconfigurations of points 
in the plane. 
THEOREM4.1. Anypseudoconfigurationd(V)ofpointsinthep/ane, with I VI~ 3m-2 
has a m-partition, i.e. there exists a partition ~' J/2, ... ' vm of v such that < ~) (") 
( J12 ) n · · · n ( Vm) contains a vertex of d ( V). 
PRooF. It suffices to prove Theorem 4.1. for 3m - 2 points in general position. If the 
points are not in general position, we can 'slightly' move them in order to transform d ( V) 
into a pseudoconfiguration d(V') of points in general position, so that the reverse opera-
tion consists in identifying certain vertices of d ( V'). This intuitive transformation is a 
special case of the "perturbation theorems" described in [7, 15] for oriented matroids. A 
direct verification is also possible using Remark 2.2. and induction on the total number of 
vertices in d(V): we leave the details to the reader. 
We notice that only two cases (up to the order) are available for the m-partition when 
the 3m - 2 points are in general position: 
Type 1: 
Type 2: 
1~1 
1~1 
1, I V;l 
I 1121 = 2, I V; I 
3 for all i ~ 2. 
3 for all i ~ 3. 
(For otherwise two V;'s would be singletons or three V;'s would have cardinality ::;;; 2. Then 
the points of V would not be in general position). 
In each case, ( ~ ) n ( Jl2 ) n · · · n ( Vm ) determines a unique point that we call the 
Tverberg point of the m-partition. 
We prove that if d(V) has am-partition and d(V') is derived from d(V) by an 
elementary transformation r, then d(V') also has am-partition. Theorem 3.1. and the 
existence of one pseudoconfiguration of 3m - 2 points in general position satisfying 
Theorem 4.1. then leads to the result. 
There are only three cases in which am-partition of d(V) becomes unusable after an 
elementary transformation. 
Case 1. r is the switching of a triangle T, one of the vertices of T, say c, is the Tverberg 
point of the m-partition and the opposite edge [a, b] of c in Tis included in the boundary 
of some ( V; ). 
In this case the m-p.trtition is of Type 2, m is at least 3 and [a, b] is in the boundary of 
some (V;), i ~ 3, say (J-;). We denote~= {t,u}, Jl2 = {v,w} and J-; = {x,y,z}. 
Using the notation of Figure 5, we show that there exists a m-partition of d (V') with 
Tverberg point a' orb'. 
We first remark that in d(V), Tis included in the interior of each (V;), i ~ 4, so that 
in d(V'), T' is included in the interior of the corresponding (V;)'s. In d(V'), wand z are 
separated by xy, hence [w, z] crosses xy at some vertex s of d(V'). 
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(a) s belongs to [a', y). Then, a' E [b', s] and since b' E [v, w] and s E [w, z], we have 
a' E (v, w, z). Them-partition is found: 
v;' = {x, y}, V{ = {t, u}, V{ = {v, w, z} and V;' = V;, i ;;;::: 4. 
(b) s belongs to [a', x). Then s E [b', x) by the definition ofT. As t and z lie on the same 
side of vw and are separated by xy, [t, z] crosses xy at some vertex r of .sat ( V'), with 
r E [b', x). Exchanging the roles of s, a', x and r, b', y, Case l(a) yields the following 
m-partition for d(V'): 
v;' = {x, y}, V{ = {v, w}, J-3' = {t, u, z} and V;' = V;, i ;;;::: 4. 
Case 2. T is the crossing of a pseudoline xy by a point w of V, w is the Tverberg point of 
the partition and [x, y] is included in the boundary of some ( V; ). In this case, the 
m-partitionisofTypeland,uptotheorder, v; = {w}, Vz = {x,y,z}forsomezE V.We 
may consider the points of V\w as fixed and that -r consists in changing w into a point w' 
lying on the other side of xy. Let a be the intersection point of[x, y] and [z, w) in d(V) 
and let a' denote the corresponding vertex in .sat (V'), i.e. {a'} = [x, y] n [z, w'). (See 
Figure 6). 
By the definition ofT, a belongs to the interior of each ( V; ), i ;;;::: 3, and a' belongs to the 
interior of the same (V;)'s. We have then found am-partition for A(V'): v;' = {x, y}, 
Vz' = {w, z} and V;' = V;, i ;;;::: 3, with Tverberg point a'. 
Case 3. This case is the reverse situation of Case 2: -r is the crossing of a pseudoline xy 
by a point w of V and the Tverberg point of them-partition is the intersection of [x, y] and 
[w, z], where z E V\{w, x, y}. Them-partition is then of Type 2 with, up to the order, 
v; = {x, y} and Vz = {w, z}. 
With the convention of Case 2 (V\w unchanged, w transformed into w' by -r), it is easy 
to show that v;' = {w'}, V{ = {x, y, z} and V;' = V;, i ;;;::: 3, is am-partition for d(V') 
with Tverberg point w', which completes the proof of Theorem 4.1. 
r r 
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REMARK 4.2. Our proof does not apply to pseudoconfigurations of points which are not 
in general position. Indeed, there exist pseudoconfigurations of less than 3m - 2 points 
with am-partition while the bound 3m - 2 cannot be decreased for any pseudoconfigura-
tion of points in general position. 
5. REAY'S THEOREM FOR PSEUDOCONFIGURATIONS 
Restricting our attention to points in general position, other Tverberg-type theorems can 
be generalized to pseudoconfigurations. Theorem 5.1. below extends, in the case of the 
plane, a result of Reay. Though some refinements are possible, this theorem is not true for 
all pseudoconfigurations. 
THEOREM 5.1. Any pseudoconfiguration d(V) of 3m - 2 + k points, k = 0, 1 or 2 
in general position in the plane, has a (m, k)-partition, i.e. there exists a partition 
II;, Vz, ... , Vm of V such that (II;) n ( Vz) n · · · n ( Vm) contains a k-face of d (V). 
PRooF. Fork = 0, we get Theorem 4.1. 
Case 1: k = l. Let v E V. By Theorem 4.1., there is a partition II;, Vz, ... , Vm of V\v 
such that (II;) n (Vz) n · · · n (Vm) = {w}, where w is a vertex of d(V\v), hence a 
vertex of d ( V). 
(a) Them-partition is of Type l. Let v; = {w} and let e be the edge of d(V) such that 
{w} s; e s; [v, w]. Clearly {v, w}, Vz, . .. , Vm is a (m, i)-partition of d(V). 
(b) Them-partition is of Type 2. Let v; = {x, y}, Vz = {z, t} and { w} = ( v;) n ( Vz ). 
Assuming for instance that t and v are on the same side of xy, let e be the edge of d(V) 
such that {w} s; e s; [w, t]. As easily seen, e is included in [z, t], in (v, x, y) and in (V;) 
for all i ~ 3, hence a (m, 1 )-partition is found for d ( V). 
Case 2: k = 2. Let again v E V. By Case 1, there is a partition II;, Vz, ... , Vm of V\v 
such that ( v; ) n ( Vz) n ... n ( Vm) contains an edge e of d ( V\v ). Moreover, we may 
assume that I v; I = 2 and I V; I = 3 for all i ~ 2. We have e s; v; and e is a union of edges 
of .#(V). Let F be a face of d(V) that has an edge included in e and such that 
F s; (II; u v). Since F s; (V;) for every i ~ 2, II; u v, Vz, . .. , Vm is a (m, 2)-partition 
of d(V). 
REMARK 5.2. Theorem 5.1. can also be proved by showing that an arbitrary elementary 
transformation preserves the existence of a (m, 1)- or (m, 2)-partition. 
6. CONCLUDING REMARKS 
A convexity space [5, 12] is a set V together with a family~ of 'convex subsets' of V, i.e. 
0, V E ~and~ is closed under intersection. At the very end of [5], Eckhoff suggests that 
Tverberg's theorem might be true for any convexity space for which Radon's theorem 
holds: 
PARTITION CoNJECTURE. Any convexity space (V, ~)with a finite Radon number r, i.e. 
every subset V' of V with I V' I ~ r has a 2-partition, satisfies Tverberg's theorem: every 
subset V' of V with I V'l ~ (m - l)(r - l) + 1 has am-partition. 
Let d ( v;) be a pseudoconfiguration of points in the plane, and let Vz denote the set of 
vertices in A(J!;)\L00 • Using Levi's enlargement lemma, we can extend d(J!;) into a 
198 J. P. Roudne.ff 
pseudoconfiguration d ( J-2). By recursively applying this construction, we defined ( J-3 ), ... , 
d ( J-;,), 0 0 0 0 Let v = up"' I J-;, 0 A structure of convexity space on Vis obtained in a natural 
way by letting C E CC if and only if either: 
(a) C = 0; or 
(b) C = {x}, with x E V; or 
(c) For any pair {x, y} s; C, [x, y] n V s; C where [x, y] denotes the segment supported 
by the pseudoline xy constructed at some step pin d(J-;,). 
As can easily be seen, (V, CC) is a countable convexity space with Radon number r = 4. 
By applying Theorem 4.1. to a suitable d(J-;,), every subset V' of Vwith IV' I ~ 3m - 2 
admits am-partition. Thus, we can state the following infinite version of Theorem 4.1.: 
THEOREM 6.1. The Partition Conjecture holds for ( V, CC). 
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